Murasugi sums of Morse maps to the circle, Morse-Novikov numbers, and
  free genus of knots by Rudolph, Lee
ar
X
iv
:m
at
h/
01
08
00
6v
1 
 [m
ath
.G
T]
  1
 A
ug
 20
01
MURASUGI SUMS OF MORSE MAPS TO THE CIRCLE,
MORSE-NOVIKOV NUMBERS, AND FREE GENUS OF KNOTS
LEE RUDOLPH
Abstract. Murasugi sums can be defined as readily for Morse maps to S1 of
(arbitrary) link complements in S3 as for fibrations over S1 of (fibered) link
complements in S3. As one application, I show that if a knot K has free genus
m, then there is a Morse map S3\K → S1 (representing the relative homology
class of a Seifert surface for K) with no more than 4m critical points.
1. Introduction; statement of results
An oriented link L ⊂ S3 determines a cohomology class ξL ∈ H
1(S3 \ L;Z) ∼=
pi0(Map(S
3 \ L,K(Z, 1))). The homotopy class of maps S3 \ L → S1 = K(Z, 1)
corresponding to ξL contains smooth maps which are Morse (that is, all their
critical points are non-degenerate), and which restrict to a standard fibration in a
neighborhood of L (so they have only finitely many critical points). The Morse-
Novikov number MN(L) is the minimal number of critical points of such a map.
Tautologously, MN(L) = 0 iff L is a fibered link. It is natural to ask howMN(L)
may be calculated—or estimated—for general L. Moreover, for the class of fibered
links, there exist both nice characterizations in other terms (e.g., a knotK is fibered
iff ker(pi1(S
3\K)→ H1(S
3\K;Z)) is finitely generated) and an array of interesting
constructions (e.g., links of singularities, Murasugi sums of fibered links, and closed
homogeneous braids). Again, it is natural to ask what happens in general.
Some progress on these questions was made in [16]. There, the Morse-Novikov
theory of maps from manifolds to the circle (introduced by Novikov [15], and pre-
viously applied to knot complements in S3 by Lazarev [7]), and in particular the
Novikov inequalities (analogues for Novikov homology of the classic Morse inequal-
ities for ordinary homology), were applied to give lower bounds for MN(L): for
example, it was shown that for any n, there exists a knot K with MN(K) ≥ n; on
the other hand, it was also shown that there are knots for which the Novikov ho-
mology vanishes but the Morse-Novikov number does not. An explicit construction
established subadditivity of Morse-Novikov number over connected sum,
MN(L0 ‖=L1) ≤ MN(L0) +MN(L1).(∗)
Here, by constructing Murasugi sums of Morse maps, I confirm the conjecture
of [16] that a restatement of (∗) in terms of Seifert surfaces extends to arbitrary
Murasugi sums. Applications include the following. (1) For any knot K, MN(K) ≤
4gf(K), where gf (K) is the free genus of K; for many knots K (e.g., all but three
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twist knots), MN(K) = 2gf(K). (2) The “inhomogeneity” of any braidword (or
T–bandword) with closed braid L yields an upper bound on MN(L).
Section 2 assembles preliminary material. Section 3 describes Milnor maps and
constructs a simple, but fundamental, example of a Morse map which is not a
fibration. Section 4 constructs Murasugi sums of Morse maps and proves a gener-
alization of (∗). Upper bounds on MN(L), and some exact calculations of MN(L)
(in favorable cases), are derived in sections 5 and 6.
Thanks to Andrei Pajitnov and Claude Weber for helpful conversations.
2. Preliminaries
The symbol  signals either the end or the omission of a proof.
Spaces, maps, etc., are smooth (C∞) unless otherwise stated. Manifolds may
have boundary and are always oriented; in particular, R, Cn,
D2n :={(z1, . . . , zn) ∈ C
n : |z1|
2 + · · ·+ |zn|
2 ≤ 1},
and S2n−1 :=∂D2n have standard orientations, as does S2 when it is identified with
the Riemann sphere P1(C) :=C ∪ {∞}. For suitable Q ⊂ M , let NM (Q) denote a
closed regular neighborhood of Q in (M,∂M). If Q is a codimension–2 submanifold
of M with trivial normal bundle, then a trivialization τ : Q × D2 → NM (Q) is
adapted to a map f : M \ Q → S1 if τ(ξ, 0) = ξ and f(τ(ξ, z)) = z/|z| for ξ ∈ Q,
z ∈ D2 \ {0}.
A surface is a compact 2–manifold no component of which has empty boundary.
A Seifert surface is a surface F ⊂ S3. A link L is the boundary of a Seifert surface
F , and any F with ∂F = L is a Seifert surface for L. A knot is a connected link.
Let L ⊂ S3 be a link. The image in H2(S
3, L;Z) of the fundamental class
[F ] ∈ H2(F,L;Z) is independent of the choice of a Seifert surface F for L; denote
the corresponding orientation class for L in H1(S3 \ L;Z) ∼= H2(S
3, L;Z) by ξL.
Call f : S3 \ L → S1 simple if [f ] ∼= ξL in pi0(Map(S
3 \ L, S1)) ∼= H1(S3 \ L;Z).
The Morse-Novikov number of L is MN(L) :=min{n : there exists a simple Morse
map f : S3\L→ S1 with exactly n critical points}. On general principles, MN(L)
<∞.
Definitions. A simple Morse map f : S3 \ L→ S1 is
1. boundary-regular if there is a trivialization τ : L × D2 → NS3(L) which is
adapted to f ;
2. moderate if no critical point of f is a local extremum;
3. self-indexed if the value of f at a critical point is an injective function of the
index of the critical point;
4. minimal if no Morse map in ξL has strictly fewer critical points than f .
Proposition 1. Let f : S3 \ L→ S1 be a simple Morse map.
1. If f has only finitely many critical points, then f is properly isotopic to a
boundary-regular simple Morse map.
2. If f is boundary-regular then f has only finitely many critical points, and
for every regular value exp(iθ) ∈ S1, S(f, θ) :=L ∪ f−1(exp(iθ)) is a Seifert
surface for L.
3. If f is minimal, then f is moderate and has precisely MN(L) critical points.
4. If f (has only finitely many critical points and) is moderate, then up to
(proper) isotopy f is moderate and self-indexed.
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5. If f is boundary-regular, moderate, and self-indexed, then either
(a) f has no critical points (so MN(L) = 0) and is in fact a fibration, and
the Seifert surfaces S(f, θ) are mutually isotopic in S3, or
(b) f has 2m > 0 critical points, m each of index 1 and index 2, and the
Seifert surfaces S(f, θ) fall into exactly two distinct isotopy classes in
S3.
Proof. Mostly straightforward (for (3) and (5b), see [16]).
In case (5a), L is (as usual) called a fibered link and S(f, θ) is called a fiber
surface of f . (Also as usual, any Seifert surface for L isotopic to an S(f, θ) is
called a fiber surface for L.) In case (5b), the two isotopy classes of Seifert surfaces
S(f, θ) for L (which could well be a fibered link even though f is not a fibration)
are distinguished by their Euler characteristics, which differ by 2m. Any of the
Seifert surfaces S(f, θ) with first homology group of larger (resp., smaller) rank will
be called a large (resp., a small) Seifert surface of the boundary-regular moderate
self-indexed simple Morse map f (note: not “of L”). Any fiber surface of a fibration
f may be called either large or small.
Convention. Henceforth, all Morse maps are boundary-regular and simple.
3. Morse maps from Milnor maps
The first explicit Morse maps (in fact, fibrations) for an infinite class of links
were given by Milnor’s celebrated Fibration Theorem [10], where they appear as
(the instances for functions C2 → C of) what are now called the “Milnor maps”
associated to singular points of complex analytic functions Cn → C. For present
and future purposes, it is useful to somewhat extend the framework in which Milnor
studied these maps. Given a non-constant meromorphic function F : M 99K P1(C)
on a complex manifoldM , letD(F ) be the (possibly singular) complex hypersurface
which is the closure in M of F−1(0) ∪ F−1(∞). The argument of F is arg(F ) :=
F/|F | : M \D(F )→ S1. For M = Cn, the restriction of arg(F ) to rS2n−1 \D(F )
is the Milnor map of F at radius r. Call the Milnor map of F at radius 1 simply
the Milnor map of F .
Milnor’s proof of [10, Lemma 4.1], stated for analytic F , applies equally well to
meromorphic F .
Lemma 1. If F : Cn 99K P1(C) is meromorphic, then (z1, . . . , zn) ∈ rS
2n−1\D(F )
is a critical point of the Milnor map of F at radius r iff the complex vectors
(z1, . . . , zn),
1
i F (z1, . . . , zn)
( ∂F
∂z1
(z1, . . . , zn), . . . ,
∂F
∂z1
(z1, . . . , zn)
)
are linearly dependent over R.
The next lemma rephrases several more results from [10].
Lemma 2. Let F : C2 → C be analytic (so D(F ) = F−1(0)), with F (0, 0) = 0,
and suppose F has no repeated factors in OC2 (so the multiplicity of each irreducible
component of D(F ) is 1).
1. There is a set X(F ) of radii r ∈ ]0,∞[ such that X(F ) is discrete in [0,∞[
and, if r /∈ X(F ), then D(F ) intersects rS3 transversally, so that L(F, r) :=
(1/r)(D(F ) ∩ rS3) is a link in S3; L(F, r) and L(F, r′) are isotopic for r, r′
in the same component of ]0,∞[ \X(F ).
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Figure 1. A small and a large Seifert surface of u.
2. If 1 /∈ X(F ), then the Milnor map of F is simple, and NS3(L(F, 1)) has a
trivialization which is adapted to the Milnor map of F .
3. If 1 < inf X(F ), then the Milnor map of F is a fibration (the Milnor fibration
of F ), and in particular L(F, 1) (the link of the singularity of F−1(0) at (0, 0))
is a fibered link.
Note that, in case (2), the Milnor map of F may have degenerate critical points,
but if it does not, then it is Morse (in the sense of the convention in section 2). In
practice, Lemma 1 makes it easy to locate the critical points of a Milnor map and
check them for non-degeneracy.
Example 1. Given m,n ≥ 0 with m + n = 1 in case mn = 0, let Fm,n : C
2 →
C : (z, w) 7→ mzm + nwn; easily, X(Fm,n) = ∅. The link of the singularity of
F−10,1 (0) at (0, 0) is an unknot O (of course F
−1
0,1 (0) is not in fact singular at (0, 0));
the Milnor fibration of F0,1 = pr2 will be denoted by o. More generally, the link of
the singularity of F−1m,n(0) at (0, 0) is a torus link O{m,n} of type (m,n), and the
Milnor fibration of Fm,n will be denoted by o{m,n}.
Example 2. If Gε : C
2 → C : (z, w) 7→ 4w2 − 8εw − 1, then for sufficiently small
ε ≥ 0, Uε :=L(Gε, 1) is an unlink of two unknotted components, and if ε > 0, then
(by direct calculation using Lemma 1) the Milnor map of Gε is Morse, with two
critical points (one each of index 1 and index 2). Let U :=Uε for a sufficiently small
ε > 0, and denote by u : S3 \ U → S1 this Morse Milnor map. (The situation is
pictured in Fig. 1.)
Proposition 2. MN(U) = 2 and u is a minimal Morse map.
Proof. This is immediate from the properties of u just asserted, given that U is not
fibered (which follows, for instance, from the fact that pi2(S
3 \ U) 6= {0}).
The non-fibration u, trivial though it be, is an ingredient of fundamental impor-
tance in the constructions of section 5.
4. Murasugi sums of Morse maps
For n ∈ N, write Gn := {z ∈ C : z
n = 1}, and let pn : P1(C) \G2n → S
1 be the
argument of the rational function P1(C)→ P1(C) : z 7→ (1 + z
n)/(1− zn), viz.,
pn(z) =
(1 + zn)/|1 + zn|
(1− zn)/|1− zn|
for z /∈ G2n ∪ {∞}, pn(∞) = −1.
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Figure 2. Q1(pi/2) and some level sets of pr2 |Q1(pi/2); Q2(pi/2)
and some level sets of pr2 |Q2(pi/2).
Define Pn : P1(C) \ G2n × [0, pi] → S
1 by Pn(z, θ) = exp(iθ)pn(z). Note that
pn(ζz) = pn(z) and Pn(z, θ) = Pn(ζz, θ) for any ζ ∈ Gn.
Lemma 3. (1) p1 is a fibration with fiber ] − 1, 1[ = p
−1
1 (1). For n > 1, pn has
exactly two critical points, 0 ∈ p−1n (1) and ∞ ∈ p
−1
n (−1), at each of which the germ
of pn is smoothly conjugate to the germ of z 7→ Im(z
n) at 0. (2) P1 is a fibration
with fiber ]− 1, 1[× [0, pi] = P−11 (1). For all n, Pn has no critical points, and there
is a trivialization τPn : (G2n × [0, pi]) × D
2 → NP1(C)×[0,pi](G2n × [0, pi]) which is
adapted to Pn.
Let Qn(θ) denote the closure of P
−1
n (exp(iθ)) in P1(C) × [0, pi]. By inspection
(and Lemma 3), for all exp(iθ) ∈ S1, Q1(θ) is a 4–gonal 2–disk with smooth interior
bounded by the union of G2 × [0, pi] and 2 semicircles in P1(C)× {0, pi}; for n > 1
and all exp(iθ) ∈ S1 \ {1,−1}, Qn(θ) is a 4n–gonal 2–disk with smooth interior
bounded by the union of G2n × [0, pi] and 2n circular arcs in P1(C)× {0, pi}. (The
cases n = 1, 2, θ = pi/2, are pictured in Fig. 2.)
Lemma 4. For all exp(iθ) ∈ S1, the restriction pr2 |Q1(θ) : Q1(θ)→ [0, pi] has no
critical points. For n > 1 and exp(iθ) ∈ S1 \ {1,−1}, there is exactly one critical
point of pr2 |Qn(θ) : Qn(θ)→ [0, pi] (to wit, (0, θ) for 0 < θ < pi and (∞, θ− pi) for
pi < θ < 2pi), at which the germ of pr2 |Qn(θ) is smoothly conjugate to the germ of
z 7→ Im(zn) at 0.
By further inspection, for 0 < θ < 2pi, θ 6= pi, Qn(θ) is piecewise-smoothly
isotopic (by an isotopy fixing ∂Qn(θ) ∪ (Qn ∩ P1(C)× {θ− ⌊θ/pi⌋pi}) pointwise) to
a piecewise-smooth 4n–gonal 2–disk Q′n(θ) which is so situated that both Q
′
n(θ) ∩
(P1(C)× [0, θ−⌊θ/pi⌋pi]) and Q
′
n(θ)∩(P1(C)× [θ−⌊θ/pi⌋pi, pi]) are piecewise-smooth
4n–gonal 2–disks, while Q′n(θ) ∩ (P1(C) × {θ − ⌊θ/pi⌋pi}) is a (smooth) 2–disk in
P1(C)×{θ−⌊θ/pi⌋pi} naturally endowed with the structure of a 2n–gon. (The cases
n = 1, 2, θ = pi/2, are pictured in Fig. 3. Versions of Q′2(pi/2) and Q
′
2(3pi/2) in
NS3(S
2) ∼= P1(C)× [0, pi] are pictured in Fig. 4.)
Definitions. Let L ⊂ S3 be a link, f : S3 \ L → S1 a Morse map, exp(iθ) ∈
S1 a regular value of f , and ψ ⊂ S(f, θ) an n–star on S(f, θ) (in the sense of
[19]: that is, ψ is the union of n arcs αs, pairwise disjoint except for a common
endpoint ∗ψ ∈ IntS(f, θ), such that ∂S(f, θ) ∩ αs = ∂αs \ {∗ψ} for each s). A
regular neighborhood NS3(ψ) is f–good provided that NS3(ψ)∩S(f, θ) is a regular
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Figure 3. Q′1(pi/2) and Q
′
2(pi/2).
Figure 4. Q′2(pi/2) and Q
′
2(3pi/2) (the latter with viewports), as
they appear in in NS3(S
2) ∼= Ĉ× [0, pi].
neighborhood NS(f,θ)(ψ) (and thus an n–patch on S(f, θ) in the sense of [19]: that
is, a 2–disk naturally endowed with the structure of a 2n–gon whose edges are
alternately boundary arcs and proper arcs in S(f, θ)) and there is a diffeomorphism
h : (P1(C), G2n)→ (∂NS3(ψ), L ∩ ∂NS3(ψ)) such that (f ◦ h)|(P1(C) \G2n) = pn.
Lemma 5. Every neighborhood of ψ in S3 contains an f–good regular neighbor-
hood.
Proof. First suppose that L = O and f = o (as in Example 1). Stereographic
projection σ : S3 \ {(0,−i)} → C×R : (z, w) 7→ (z,Re(w))/(1 + Im(w)) maps O to
S1×{0} and S(o, pi/2) to D2×{0}. The radius ψ1 :=σ
−1([0, 1]× {0}) is a 1–star in
S(o, pi/2), and the preimage σ−1(B) of an appropriate ellipsoidal 3–disk B ⊂ C×R
(say, with one focus at (0, 0), center at (1 − ε, 0) for sufficiently small ε > 0, and
minor axes much shorter than the major axis), is an o–good regular neighborhood
NS3(ψ1). The n–sheeted cyclic branched covering
(C× R) ∪ {∞} → (C× R) ∪ {∞} : (ζ, t) 7→ (ζn, t),∞ 7→ ∞,
branched along ({0}×R)∪ {∞}, can be modified in a neighborhood of ∞ so as to
induce via σ−1 a smooth n–sheeted cyclic branched covering cn : S
3 → S3, branched
along A := {0} × S1 ⊂ S3, with c−1n (S(o, pi/2)) = S(o, pi/2); then ψn :=c
−1
n (ψ1) is
an n–star in S(o, pi/2), and c−1n (NS3(ψ1)) is (if minimal care has been taken) an o–
good regular neighborhood NS3(ψn). (The cases n = 1, 2, 3 are pictured in Fig. 5.)
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Figure 5. Some level sets of o|(∂NS3(ψn) \O) for n = 1, 2, 3.
Figure 6. A “side view” (indicating some level sets of f) of the
part of the non–f–good neighborhood M near an endpoint of ψ.
Clearly any neighborhood of ψn in S
3 contains an o–good regular neighborhood of
the type just constructed.
The general case follows immediately, upon observing that, for any link L, Morse
map f : S3 \ L → S1, and regular value exp(iθ) of f , if ψ ⊂ S(f, θ) is an n–star
on S(f, θ), then there is a diffeomorphism h : M → h(M) from a (non–f–good)
neighborhood M of ψ in S3 to a neighborhood h(M) of ψn in S
3, and a diffeo-
morphism k : (S1, exp(iθ))→ (S1, i), such that h(M ∩ S(f, θ)) = h(M)∩ S(o, pi/2)
and k ◦ f |(M \L) = o ◦h|(M \L). (A “side view” of part of one such M is pictured
in Fig. 6.)
Construction. For s = 0, 1, let Ls ⊂ S
3
s be a link and fs : S
3
s \ Ls → S
1 a
Morse map with critical points crit(fs) ⊂ S
3
s \ Ls. Fix n > 0 and exp(iΘ) ∈
S1 \ (f0(crit(f0))∪ f1(crit(f1))∪{0, pi}). Let ψn,s ⊂ S(fs,Θ) be an n–star with fs–
good regular neighborhood Ns :=NS3
s
(ψn,s). Let Es :=S
3
s \IntNs; let ds : Es → D
3
be a diffeomorphism. Let hs : (P1(C), G2n)→ (∂Ns, L∩ ∂Ns) be a diffeomorphism
with (fs ◦ hs)|(P1(C) \ G2n) = pn. For a fixed ζ ∈ Gn, let (z, s) ≡ζ hs(ζ
sz, s)
(z ∈ P1(C), s = 0, 1).
The identification space Σ(N0, N1, ζ) := (E0 ⊔ P1(C) × [0, pi] ⊔ E1)/≡ζ has a
natural piecewise-smooth structure, imposed on it by the identification map Π,
with respect to which the 1–submanifold
L(N0, N1, ζ) :=(L0 ∩ E0 ⊔G2n × [0, pi] ⊔ L1 ∩ E1)/≡ζ
and the map
f(N0, N1, ζ) :=((f0 ⊔ Pn ⊔ f1)/≡ζ)|(Σ(N0, N1, ζ) \ L(N0, N1, ζ))
are smooth where this is meaningful (i.e., in the complement of the identification
locus Π(P1(C)× {0, pi}), along which Σ(N0, N1, ζ) is itself a priori only piecewise-
smooth). It is not difficult to give Σ(N0, N1, ζ) a smooth structure everywhere,
in which L(N0, N1, ζ) and f(N0, N1, ζ) are everywhere smooth. The smoothing
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can be done very naturally off Π((G2n ∪ {0,∞}) × {0, pi}), using the fact that
by construction (see Lemmas 3 and 4) the map f(N0, N1, ζ) and the function
(‖d0‖
2 − 1) ⊔ pr2 ⊔(pi + 1 − ‖d1‖
2)/≡ζ are piecewise-smoothly transverse (in an
evident sense) on Π((P1(C) \ (G2n ∪ {0,∞}))× {0, pi}). A somewhat less natural,
but not difficult, construction smooths Σ(N0, N1, ζ) on Π({0,∞}× {0, pi}) in such
a way as to make f(N0, N1, ζ) smooth there also (in the process, possibly forcing
(‖d0‖
2−1)⊔pr2 ⊔(pi+1−‖d1‖
2)/≡ζ to be not smooth at those points). Nor is there
is any difficulty in smoothing Σ(N0, N1, ζ) on Π(G2n×{0, pi}). Further details will
be suppressed.
When Σ(N0, N1, ζ), with the smooth structure just constructed, is identified with
S3, L(N0, N1, ζ) (resp., f(N0, N1, ζ)) will be called a 2n–gonal Murasugi sum of L0
and L1 (resp., of f0 and f1) and denoted by L0 *(N0,N1,ζ) L1 (resp., f0 *(N0,N1,ζ) f1)
or simply by L0 * L1 (resp., f0 * f1). (A 2–gonal Murasugi sum of links is simply
a connected sum, and a 2–gonal Murasugi sum of Morse maps f0 and f1 may be
denoted f0 ‖=f1. A more detailed description of the construction in the case of
connected sums, which goes more smoothly than the general case, is given in [16].)
Proposition 3. If Ls ⊂ S
3
s is a link and fs : S
3
s \ Ls → S
1 is a Morse map
(s = 0, 1), then
1. any Murasugi sum L0 *(N0,N1,ζ) L1 is a link, and
2. any Murasugi sum f0 *(N0,N1,ζ) f1 is a Morse map and its critical points
crit(f0 *(N0,N1,ζ) f1) = crit(f0) ∪ crit(f1) have indices and critical values that
are inherited unchanged from those of f1 and f2; in particular,
(a) if f0 and f1 are moderate, then f0 *(N0,N1,ζ) f1 is moderate, and
(b) if f0 and f1 are self-indexed and have the same critical value for each
index, then f0 *(N0,N1,ζ) f1 is self-indexed.
With Θ chosen as in the construction, the Seifert surface S(f0 *(N0,N1,ζ) f1,Θ)
is isotopic (up to smoothing) to Π((S(f0,Θ)∩E0)⊔Qn(Θ)⊔ (S(f1,Θ)∩E1)), and
thus piecewise-smoothly isotopic to
Π(S(f0,Θ) ∩ E0 ⊔Q
′
n(Θ) ⊔ S(f1,Θ) ∩ E1) =
Π(S(f0,Θ) ∩ E0 ⊔Q
′
n(Θ) ∩ P1(C)× [0,Θ− ⌊Θ/pi⌋pi]) ∪
Π(Q′n(Θ) ∩ P1(C)× [Θ− ⌊Θ/pi⌋pi, pi] ⊔ S(f1,Θ) ∩ E1)=:S
′
0 ∪ S
′
1
where S′s is piecewise-smoothly isotopic to S(fs,Θ) by an isotopy carrying the 2–
disk S′0 ∩ S
′
1 (with its naturally structure of 2n–gon, noted after Lemma 4) to the
n–patch Ns ∩ S(fs,Θ). Thus, for a suitable diffeomorphism H : N0 ∩ S(f0,Θ) →
N1 ∩ S(f1,Θ) (determined by ζ, up to isotopy), S(f0 *(N0,N1,ζ) f1,Θ) is a 2n–
gonal Murasugi sum S(f0,Θ)*H S(f1,Θ) as described in [19] (see also the primary
sources [12, 23, 1]).
On the level of Seifert surfaces, a 2–gonal Murasugi sum S0 *H S1 is the same
as a boundary-connected sum S0 S1. After boundary-connected sum, the most
commonly encountered case of Murasugi sum is 4–gonal, and the most familiar and
probably most useful 4–gonal Murasugi sums are annulus plumbings, as described
in [20] (see also the primary sources [22, 2], as well as [3] and [21]).
Specifically, for any knot K, let A(K,n) denote any Seifert surface diffeomorphic
to an annulus such that K ⊂ ∂A(K,n) and the Seifert matrix of A(K,n) is [n].
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h(0)v h
(1)
s α h
(0)
u α
T 1α
*αA(O, 0) *αA(O, 0)
∼=
Figure 7. α on S and T 1α(S); S *αA(O, 0) and T
1
α(S)*αA(O, 0).
(For example, A(O,−1) is a positive Hopf annulus, isotopic to a fiber surface of
o{2, 2}, as in Example 1; the mirror image A(O, 1) of A(O,−1) is a negative Hopf
annulus ; and A(O, 0) is isotopic to a large Seifert surface of u as in Example 2.) Let
γ(K) ⊂ A(K,n) be an arc from K to ∂A(K,n) \K, so that NA(K,n)(γ(K))=:C1
is a 2-patch (though γ(K), as given, is not a 2-star). Let S be a Seifert surface
S, α ⊂ S a proper arc, C0 ⊂ S a 2–patch with α ⊂ ∂C0 (respecting orientation).
Let H : (C0, α)→ (C1, C1 ∩K) be a diffeomorphism. Each of γ(K), C0, and H is
unique up to isotopy, so the 4–gonal Murasugi sum S *H A(K,n) depends (up to
isotopy) only on α, and there is no abuse in denoting it by S *αA(K,n). When
S = A(K ′, n′) is also an annulus, it is slightly abusive—but handy—to write simply
A(K ′, n′)*A(K,n), with the understanding that α = γ(K
′).
Example 3. Given any proper arc α on a surface S, there is a (highly non-unique!)
(0, 1)–handle decomposition
S =
⋃
x∈X
h(0)x ∪
⋃
z∈Z
h(1)z(†)
for which α is an attaching arc of some 1–handle h(1)s . The subsurface
S ≀ α :=
⋃
s6=x∈X
h(0)x ∪
⋃
z∈Z
h(1)z
is independent, up to isotopy on S, of the handle decomposition (†), and can be
thought of as “S cut open along α”. If S is a Seifert surface, then for every n ∈ Z
there is a reimbedding T nα : S → S
3 (unique up to isotopy) which is the identity
on (S ≀ α) ∪ κ, where κ ⊂ h(1)s is a core arc, and which puts n counterclockwise
full twists in h(1)s . For any n, the annulus-plumbed Seifert surfaces S *α A(O, 0)
and T nα (S)*αA(O, 0) are isotopic, and the boundary of each is isotopic to ∂(S ≀α).
(The situation is pictured in Fig. 7, for n = 1.) In particular, for any knot K and
integer n, A(K,n) = T nγ(K)(A(K, 0)), and ∂(A(K,n)*A(O, 0)) is an unknot.
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Figure 8. Piecewise-smooth Seifert surfaces for U (two disks; an
annulus) isotopic to those in Figure 1.
Figure 9. Piecewise-smooth Seifert surfaces for U * U
∼= O (a
disk; a punctured torus, with viewport) isotopic to a small Seifert
surface and a large Seifert surface of u* u.
Of course S(f0 ‖=f1, θ) is always a connected sum S(f0, θ)‖=S(f1, θ). As the fol-
lowing example shows, for n > 1, if exp(iθ) and Θ lie in different components of
S1 \ crit(f0 * f1), then S(f0 * f1, θ) need not be a Murasugi sum of S(f0, θ) and
S(f1, θ).
Example 4. As pictured in Fig. 1 (redrawn piecewise-smoothly in Fig. 8), and
noted in Example 3, the large Seifert surface of u is A(O, 0). Of course the small
Seifert surface of u is two disks. By the construction and Prop. 3, there is a
(moderate, self-indexed) 4–gonal Murasugi sum u* u with 4 critical points whose
large Seifert surface A(O, 0)* A(O, 0) is a punctured torus bounded by an unknot;
the small Seifert surface of u* u is a disk, which is not a Murasugi sum of two
pairs of disks. (The situation is pictured in Fig. 9.) By Example 3, there is also
a (moderate, self-indexed) 4–gonal Murasugi sum u* o{2, 2} with just 2 critical
points (since o{2, 2} is a fibration) with the same large and small Seifert surfaces
as u* u.
Example 4 also shows that, if no restriction is placed on the Seifert surfaces
along which a Murasugi sum L0 * L1 is formed, then it can easily happen that
MN(L0 * L1) > MN(L0) +MN(L1). Much worse is true: according to Hirasawa
[4], any knot K bounds a Seifert surface F such that F = F0 * F1 is a Murasugi
sum and K0 := ∂F0, K1 := ∂F1 are unknots; since [16] for every m there is a knot
K with MN(K) > m, MN(K0 *K1) − (MN(K0) + MN(K1)) can be arbitrarily
large. However, Prop. 3 does lead immediately to the following generalization of
the inequality (∗) stated in section 1.
Corollary 1. If fs : S
3
s \ Ls → S
1 is a minimal Morse map, and f0 *(N0,N1,ζ) f1
is any Murasugi sum, then MN(L0 *(N0,N1,ζ) L1) ≤ MN(L0) +MN(L1).
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5. Morse maps and free Seifert surfaces
For any X , let h1(X) := rankH1(X ;Z). A Seifert surface F ⊂ S
3 is called
free iff F is connected and pi1(S
3 \ F ) is a free group; alternatively, F is free iff
S3 \ IntNS3(F ) is a handlebody Hg ∼= (S
1×D2)1 · · · (S
1×D2)g (necessarily of
genus g = h1(F )). Call the Morse map f free if, for every regular value exp(iθ) of
f , the Seifert surface S(f, θ) is free.
Lemma 6. A Murasugi sum F0 * F1 of Seifert surfaces F0 and F1 is free if and
only if F0 and F1 are free.
Proof. As observed by (for instance) Stallings [23], pi1(S
3 \ F0 * F2) is the free
product of pi1(S
3 \F0) and pi1(S
3 \F1). In particular, pi1(S
3 \F0 * F1) is free if and
only if pi1(S
3 \ F0) and pi1(S
3 \ F1) are free.
It is well known (and obvious) that, if f is a fibration, then f is free. The
following proposition is Lemma 4.2 of [16].
Proposition 4. A large Seifert surface of a moderate self-indexed Morse map is
free.
Corollary 2. If f is a moderate self-indexed Morse map (in particular, if f is a
self-indexed minimal Morse map) then f is free if and only if a small Seifert surface
of f is free.
Example 6, below, gives a knot K and a non-free self-indexed minimal Morse
map f : S3 \K → S1.
Recall that a genus g handlebody Hg ⊂ S
3 is Heegard if S3 \ IntHg is also a
handlebody. By a theorem of Waldhausen, any two Heegard handlebodies of genus
g in S3 are isotopic, so it is obvious (by considering standard examples) that, if
Hg ⊂ S
3 is a Heegard handlebody and ∆ ⊂ ∂Hg is a 2–disk, then F = ∂Hg \ Int∆
is a free Seifert surface for the unknot ∂∆. The converse is also true and easily
proved.
Lemma 7. A free Seifert surface F for an unknot is of the form F = ∂Hg \ Int∆
for some Heegard handlebody Hg ⊂ S
3 and 2–disk ∆ ⊂ ∂Hg.
Lemma 8. If S is a free Seifert surface for the unknot of genus g, then there is a
moderate self-indexed Morse map f : S3 \∂S → S1 with exactly h1(S) = 2g critical
points, such that S is a large Seifert surface of f and a small Seifert surface of f
is a disk.
Proof. This follows immediately from Lemma 7, using a suitable modification of
the usual dictionary between Morse functions (to R) and cobordisms. Alternatively,
and more in the spirit of this paper, note that (by Prop. 3 and Example 3) a g–fold
connected sum (u* o{2, 2})‖= · · · ‖=(u* o{2, 2}) is such a map.
Proposition 5. If F is a free Seifert surface, then F is the small Seifert surface of
f for a free moderate self-indexed Morse map f : S3 \ ∂F → S1 which has exactly
2h1(F ) critical points.
Proof. Since F is connected, there exist pairwise disjoint proper arcs αs ⊂ F ,
1 ≤ i ≤ h1(F ), such that (· · · ((F ≀ α1) ≀ α2) · · · ) ≀ αh1(F ) is a 2-disk. If T denotes
